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Abstract. For monotone linear differential systems with periodic coefficients, the (first) Floquet eigen-
value measures the growth rate of the system. We define an appropriate arithmetico-geometric
time average of the coefficients for which we can prove that the Perron eigenvalue is smaller
than the Floquet eigenvalue. We apply this method to Partial Differential Equations, and we
use it for an age-structured systems of equations for the cell cycle. This opposition between
Floquet and Perron eigenvalues models the loss of circadian rhythms by cancer cells.
Une ine´galite´ pour les valeurs propres de Floquet et de Perron de syste`mes
diffe´rentiels monotones et d’e´quations structure´es en aˆge
Re´sume´. La (premie`re) valeur propre de Floquet de´crit le taux de croissance des syste`mes diffe´rentiels
line´aires monotones a` coefficients pe´riodiques. Nous de´finissons une moyenne arithme´tico-
ge´ome´trique en temps des coefficients, qui nous permet de de´montrer que la valeur propre
de Perron pour le syste`me ainsi moyenne´ est plus petite que celle de Floquet. La me´thode
s’applique aux ´Equations aux De´rive´es Partielles et nous l’utilisons pour un syste`me d’e´qua-
tions structure´es en aˆge qui de´crit le cycle cellulaire. Cette opposition entre valeurs propres
de Floquet et de Perron mode´lise la perte de controˆle circadien pour le cycle cellulaire des
cellules cance´reuses.
Version franc¸aise abre´ge´e
Les syste`mes biologiques sont souvent soumis a` des controˆles pe´riodiques. Un exemple en est fourni
par le rythme circadien (journalier) qui trouve son origine au niveau des noyaux suprachiasmatiques de
l’hypothalamus dans un re´seau de re´gulation ge´nique a` pre´sent bien e´tudie´ [9, 1]. Une question me´dicale
relie´e est de comprendre l’influence de ce rythme sur la croissance des populations de cellules tumorales, en
particulier dans une perspective the´rapeutique. Un cadre mathe´matique naturel pour e´tudier cette question
est fourni par la the´orie des e´quations physiologiquement structure´es.
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Dans cette note, nous proposons de comparer la (premie`re) valeur propre de Floquet, qui de´crit la crois-
sance d’un syste`me dont les parame`tres sont soumis a` un controˆle pe´riodique, et la valeur propre de Per-
ron, qui de´crit la croissance du meˆme syste`me, mais a` coefficients moyenne´s. Pour parvenir a` cette com-
paraison, nous introduisons une moyenne arithme´tico-ge´ome´trique approprie´e, dans trois cas : ´Equations
Diffe´rentielles Ordinaires, syste`me dynamique discret, ´Equations aux De´rive´es Partielles (EDP) structure´es
en aˆge.
Le premier cas concerne un syste`me diffe´rentiel line´aire monotone pe´riodique. Soit t 7→ A(t) une ap-
plication T -pe´riodique, a` valeurs dans Rd×d, inte´grable sur [0, T ], et conside´rons l’e´quation diffe´rentielle
X˙(t) = A(t)X(t), ou` X est absolument continue et X(0) est prescrit. Nous supposerons que pour i 6= j,
on a Aij(t) ≥ 0 pour presque tout t, ce qui garantit que le flot en temps positif associe´ a` cette e´quation
diffe´rentielle pre´serve l’ordre partiel usuel de Rd. Les proprie´te´s spectrales de cette e´quation diffe´rentielle
rele`vent alors de la the´orie de Perron-Frobenius. En particulier, la premie`re valeur propre de Floquet, λper,
est le plus grand re´el tel qu’il existe une fonction absolument continue X , T -pe´riodique, a` valeurs dans
R
d
+ (ou` R+ de´signe l’ensemble des re´els positifs ou nuls), et non identiquement nulle, telle que l’e´quation
diffe´rentielle (1) soit satisfaite. Rappelons que la moyenne arithme´tique d’une fonction T -pe´riodique u(t)
est donne´e par (2), et de´finissons la matrice A¯ par (3). Cette matrice a` coefficients hors diagonaux positifs
ou nuls est dote´e d’une valeur propre de Perron classique λs, qui est le plus grand re´el tel qu’il existe un
vecteur non-nul U ∈ Rd+ tel que λsU = A¯U . Le re´sultat suivant peut eˆtre vu comme une ge´ne´ralisation de
celui de [3].
THE´ORE`ME 1. – On a toujours λper ≥ λs.
Une ine´galite´ analogue est aussi obtenue pour les deux autres cas conside´re´s, d’un syste`me discret en
temps et du syste`me d’EDP structure´es en aˆge (6) qui de´crit le cycle de division cellulaire.
I Introduction
Biological systems are often subject to periodic controls. This occurs for instance with circadian rhythms,
the origin of which are found in the suprachiasmatic nuclei of the hypothalamus, in a now well established
gene regulatory network [9, 1]. A related medical question is to understand the interactions between the
cell cycle and this circadian rhythm, which is expressed in every nucleated cell, with coordinating inputs
from the hypothalamus. How can these rhythms induce differentiated growth between healthy and tumoral
cells? A molecular mechanism has been evidenced [9], but most importantly in laboratory experimental
settings, tumour growth has been shown to be favoured by disruptions of the normal circadian rhythm [4].
From a mathematical point of view, cell population growth is well described by physiologically structured
equations, see [7, 2], and the first eigenvalue of the underlying differential operator is the natural quantity
that accounts for the growth of the system. Our purpose is to compare the first eigenvalues in the case
of constant and periodic coefficients. It is simpler to consider in the first place differential systems; with
periodic and nonnegative coefficients this eigenvalue is nothing but the (first) Floquet eigenvalue; with
constant coefficients it refers to the usual Perron eigenvalue. Surprisingly, it is possible to prove in great
generality that the Floquet eigenvalue is larger than the Perron eigenvalue with an appropriate arithmetico-
geometric average of the coefficients. Precise statements, and proofs, are given in the first subsection in the
case of a differential system. The result also extends to discrete time systems (section III) and to Partial
Differential Equations and we give, in a fourth section, an application to age-structured systems. Finally in
a fifth section, we briefly comment on the relevance of these models to physiological systems.
II Differential systems
Let t 7→ A(t) be a T -periodic map with values in Rd×d, integrable on [0, T ], and let us consider the
differential equation X˙(t) = A(t)X(t), with a prescribed initial condition X(0) ∈ Rd (when dealing with
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such differential equations, we will always require X to be absolutely continuous, and we understand that
the equality holds for almost all t). We assume that for i 6= j, we have Aij(t) ≥ 0 for almost every t,
so that the flow in positive time of this differential equation preserves the standard partial ordering of Rd.
Hence, the spectral properties of this differential equation belong to Perron-Frobenius theory. In particular,
the (first) Floquet eigenvalue, λper, can be introduced by means of the following positive Floquet problem:
there exists a T -periodic function X , with values in Rd+ (R+ denotes the set of nonnegative real numbers),
non identically zero, such that
X˙(t) = A(t)X(t)− λperX(t) , t ∈ R . (1)
If A satisfies some irreducibility properties, for instance if Aij(t) > 0 for almost every t and for i 6= j, λper
is uniquely defined by the previous property, and X is unique up to a multiplicative constant. However, the
results of this note are also valid in the reducible case, in which the Floquet eigenvalue can be defined as
the maximal real number λper such that there exists a function X with the above properties.
We now introduce the arithmetic mean of a T -periodic function u(t) as
〈u〉a =
1
T
∫ T
0
u(s)ds (2)
and we define the constant coefficient matrix A¯ with entries:
A¯ii = 〈Aii〉a , 1 ≤ i ≤ d, A¯ij = exp
(
〈log(Aij)〉a
)
i 6= j, 1 ≤ i, j ≤ d . (3)
Observe that 〈log(Aij)〉a ∈ R ∪ {−∞} is well defined for i 6= j, because the positive part of logAij(t) is
integrable as soon as Aij(t) is integrable. Since the off diagonal coefficients of the matrix A¯ are nonnega-
tive, we can apply the Perron-Frobenius theory and consider its first (Perron) eigenvalue, λs, which is the
maximal real number such that there is a non-zero vector U ∈ Rd+ such that λsU = A¯U . As discussed in
Section V, the following result generalises the one of [3].
THEOREM 2.1. – We have always λper ≥ λs.
Proof . – We first prove the inequality when Aij(t) > 0, for almost all t and for i 6= j. Then, the
function X in (1) is such that Xi(t) > 0 for all t and for all i. We set,
xi(t) := logXi(t) and for i 6= j, ℓij(t) := logAij(t) .
From the differential system (1), we obtain
x˙i(t) =
∑
j
X−1i (t)Aij(t)Xj(t)− λper
=
∑
j 6=i
exp(−xi(t) + ℓij(t) + xj(t)) +Aii(t)− λper .
Taking first the arithmetic mean on [0, T ] componentwise, and then using Jensen’s inequality, it comes for
all 1 ≤ i ≤ d,
0 =
〈∑
j 6=i
exp(−xi(t) + ℓij(t) + xj(t))
〉
a
+ 〈Aii(t)〉a − λper ,
0 ≥
∑
j 6=i
exp(−〈xi(t)〉a + 〈ℓij(t)〉a + 〈xj(t)〉a) + 〈Aii(t)〉a − λper .
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Setting X¯i := exp(〈xi(t)〉a), with the definition (3) of A¯, this inequality also reads
0 ≥
∑
j
X¯−1i A¯ijX¯j − λper ,
and thus, multiplying by X¯i,
A¯X¯ ≤ λperX¯ .
Using the Collatz-Wielandt characterisation of the Perron eigenvalue of A¯, λs = min{r; ∃Y ∈ intRd+, A¯Y ≤
rY }, we deduce that λs ≤ λper. The general case is obtained by considering the matrix with entries
Aij(t) + ǫ, with ǫ > 0, and by applying a continuity argument, the details of which are left to the reader. 
III Discrete systems: an inequality for the Perron eigenvalue of a geometric mean
The same proof allows us to treat discrete systems. For k ∈ N, let A(k) = A(k+p) be a d×d, p-periodic
matrix with nonnegative coefficients. We define λper to be the maximal real nonnegative number such that
there exists a non-zero p-periodic solution X(k) with values in Rd+ to
λper X(k + 1) = A(k)X(k) , (4)
so that λpper is the Perron eigenvalue of the product A(p − 1) · · ·A(0). We now set 〈u〉a := p−1(u(0) +
· · ·+ u(p− 1)) for all p-periodic functions u, and we define the constant coefficient matrix A¯, with entries:
A¯ij = exp
(
〈log(Aij)〉a
)
, 1 ≤ i, j ≤ d (5)
(unlike in the continuous time case, the nature of the mean is the same for diagonal and off diagonal entries).
We denote by λs the Perron eigenvalue of the nonnegative matrix A¯.
THEOREM 3.1. – We have again λper ≥ λs.
Proof . – Since the Perron eigenvalue is a continuous function of the entries of a matrix, it suffices to
show the inequality when the entries Aij(k) are all positive. Then, the vectors X(k) above have positive
entries. We set
xi(k) := logXi(k), ℓij(k) := logAij(k), µ := log(λper) .
We take componentwise the logarithm in λperX(k + 1) = A(k)X(k) and arrive at
xi(k + 1)− xi(k) = log

∑
j
exp
(
− xi(k) + ℓij(k) + xj(k)
)− µ .
Taking the arithmetic mean for k = 0, . . . , p− 1, it comes
0 =
〈
log

∑
j
exp
(
− xi(k) + ℓij(k) + xj(k)
)
〉
a
− µ .
Next, because the function f(y1, . . . , yd) = log(
∑
j exp(yj)) is convex, we apply Jensen’s inequality and
obtain
0 ≥ log

∑
j
exp
(
− 〈xi(k)〉a + 〈ℓij(k)〉a + 〈xj(k)〉a
)− µ ,
and, exponentiating, we get
λperX¯ ≥ A¯X¯ ,
with X¯i := exp(〈xi(k)〉a). Using again the Collatz-Wielandt characterisation of the Perron eigenvalue of
A¯, we deduce that λper ≥ λs. 
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IV An age-structured system for the cell division cycle
General references and experimental validations on the topic of structured population dynamics and cell
cycle can be found in [2, 7]. For a recent mathematical approach based on entropy properties, we refer
to [8, 10]. Here and following earlier work [3], we model our population of cells by a Partial Differential
Equation for the density ni(t, x) ≥ 0 of cells with age x in the phase i = 1, . . . , at time t,

∂
∂t
ni(t, x) +
∂
∂x
ni(t, x) + [di(t, x) +Ki→i+1(t, x)]ni(t, x) = 0 ,
ni(t, x = 0) =
∫
x′≥0
Ki−1→i(t, x
′) ni−1(t, x
′) dx′, 2 ≤ i ≤ I,
n1(t, x = 0) = 2
∫
x′≥0
KI→1(t, x
′) nI(t, x
′) dx′ .
(6)
Here and below we identify I + 1 to 1. We have denoted by di(t, x) ≥ 0 the apoptosis rate, by Ki→i+1 the
transition rates from one phase to the next, and the last one (i = I) is mitosis where the two cells separate.
These coefficients can be constant in time (no circadian control) or time T -periodic in order to take into
account the circadian rhythm. Our assumptions are
Ki→i+1(t, x) ≥ 0, di(t, x) ≥ 0 are bounded, (7)
and, setting
min
0≤t≤T
Ki→i+1(t, x) := ki→i+1(x), max
0≤t≤T
[di +Ki→i+1] := µi(x), Mi(x) =
∫ x
0
µi(y)dy,
I∏
i=1
∫ ∞
0
ki→i+1(y)e
−Mi(y)dy > 1/2 . (8)
With these assumptions and following [8], one can again introduce the growth rate (Floquet eigenvalue) of
the system: λper ∈ R such that there is a unique T -periodic positive solution to the system:

∂
∂t
Ni(t, x) +
∂
∂x
Ni(t, x) + [di(t, x) + λper +Ki→i+1(t, x)]Ni(t, x) = 0,
Ni(t, x = 0) =
∫
x′≥0
Ki−1→i(t, x
′) Ni−1(t, x
′) dx′ , 2 ≤ i ≤ I ,
N1(t, x = 0) = 2
∫
x′≥0
KI→1(t, x
′) NI(t, x
′) dx′
I∑
i=1
∫
x≥0
Ni(t, x)dx = 1 .
(9)
As in formula (3), we can define the averages

〈di(x)〉a =
1
T
∫ T
0
di(t, x)dt, 〈Ki→i+1(t, x)〉a =
1
T
∫ T
0
Ki→i+1(t, x)dt ,
〈Ki→i+1(t, x)〉g = exp
(
1
T
∫ T
0
log
(
Ki→i+1(t, x)
)
dt
)
.
(10)
These averages define the Perron eigenvalue λs ∈ R, which is such that there is a unique positive solution
to the system 

∂
∂x
N¯i(x) + [〈di(x)〉a + λs + 〈Ki→i+1(t, x)〉a]N¯i = 0 ,
N¯i(x = 0) =
∫
x′≥0
〈Ki−1→i(t, x
′)〉g N¯i−1(x
′)dx′, i 6= 1 ,
N¯1(x = 0) = 2
∫
x′≥0
〈KI→1(t, x
′)〉g N¯I(x
′)dx′ .
(11)
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We have the following analogue of Theorem 2.1.
THEOREM 4.1. – Under assumptions (7)–(8), we still have λper ≥ λs.
Observe that the arithmetic mean of the coefficients Ki→i+1 is taken in the PDEs, whereas their geometric
mean is taken in the integral equations. Hence, an artificial loss rate of cells 〈Ki→i+1〉a−〈Ki→i+1〉g from
phase i to phase i+ 1 arises in the averaged model.
Proof . – The proof differs slightly from that of Theorem 2.1 because, working with x ∈ R+ the
corresponding quantities cannot always be normalized as measures. Therefore, following [3], we define
qi(x) =
〈
logNi(t, x) − log N¯i(x)
〉
a
and we have, up to the insertion of a factor 2 when i = 1,
qi(x = 0) =
〈
log(
Ni(t, 0)
N¯i(0)
)
〉
a
=
〈
log
∫
〈Ki−1→i(x)〉g
N¯i−1(x)
N¯i(0)
Ni−1(t, x)
N¯i−1(x)
Ki−1→i(t, x)
〈Ki−1→i(x)〉g
dx
〉
a
.
We can now define the probability measures
dµi(x) = 〈Ki−1→i(x)〉g
N¯i−1(x)
N¯i(0)
for i 6= 1, dµ1(x) = 2 〈KI→1(x)〉g
N¯I(x)
N¯1(0)
.
Using Jensen’s inequality, we obtain
qi(x = 0) ≥
〈∫
log(
Ni−1(t, x)
N¯i−1(x)
Ki−1→i(t, x)
〈Ki−1→i(x)〉g
)dµi(x)
〉
a
=
〈∫
log(
Ni−1(t, x)
N¯i−1(x)
)dµi(x)
〉
a
+
〈∫
log(
Ki−1→i(t, x)
〈Ki−1→i(x)〉g
)dµi(x)
〉
a
=
∫
qi−1(x)dµi(x) ,
since by definition of 〈Ki−1→i(x)〉g we have
∫ 〈
log(
Ki−1→i(t, x)
〈Ki−1→i(x)〉g
)
〉
a
dµi(x) = 0. Because qi satisfies
∂
∂x
qi + λper − λs = 0 ,
we arrive at
qi(x = 0) ≥
∫
qi−1(x) dµi(x) =
∫
[qi−1(0) + (λs − λper)x] dµi(x) .
Therefore, summing over i from 1 to I , we have obtained the result since
0 ≥ (λs − λper)
I∑
i=1
∫
x dµi(x) .

V Physiological relevance of the model to the question of circadian control on tumour growth
In [3], with different averaging of transition rates Ki→i+1, we had found no natural hierarchy between
λper and λs, whereas periodic control exerted on the sole apoptosis rates di produced a Floquet eigenvalue
which was shown to be always higher than the corresponding Perron eigenvalue obtained by arithmetic
averaging of the di. The present note gives natural hypotheses that are needed to compare the eigenval-
ues and conclude that λper > λs when the coefficients Ki→i+1 also vary. From these results a question
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arises: if λper > λs, then how come that experimental results [4] show faster tumour growth when the
normal circadian rhythm is disrupted by irregular light inputs? Experimental tumour growth curves with
and without jet-lag-like circadian clock disruption [4] essentially differ at the beginning of proliferation,
when it shows almost pure exponential behaviour, so that possible discrepancies between theoretical and
experimental results are most likely not due to not taking into account nonlinear feedback. Clearly, setting
at a constant value (instead of periodic) the coefficients di or Ki→i+1 is not sufficient to take into account
the complexity involved in the disruption of circadian control. To this purpose, it may be necessary to
represent more complex control mechanisms involving, e. g., the inhibition of cyclin dependent kinases by
clock-controlled genes such as Wee1 [5] together with elaborate models of the molecular circadian clock
[6] and its disruptions.
References
[1] S. BERNARD, C. D., B. CˇAJAVEC, H. HERZEL, AND A. KRAMER, Synchronization-induced rhymicity of cir-
cadian oscillators in the suprachiamatic nuclei, PloS Computational Biology, To appear (2007).
[2] G. CHIORINO, J. A. J. METZ, D. TOMASONI, AND P. UBEZIO, Desynchronization rate in cell populations:
mathematical modeling and experimental data, J. Theor. Biol., 208 (2001), pp. 185–199.
[3] J. CLAIRAMBAULT, P. MICHEL, AND B. PERTHAME, Circadian rhythm and tumour growth, C. R. Acad. Sci.
(Paris), mathe´matique, 342(1) (2006), pp. 17–22.
[4] E. FILIPSKI, P. F. INNOMINATO, M. W. WU, X. M. LI, S. IACOBELLI, L. J. XIAN, AND F. LE´VI, Effect of light
and food schedules on liver and tumor molecular clocks in mice, J. Natl Cancer Inst., 97 (7) (2005), pp. 507–517.
[5] A. GOLDBETER, A minimal cascade model for the mitotic oscillator involving cyclin and cdc2 kinase, Proc. Natl.
Acad. Sci. USA, 88 (1991), pp. 9107–9111.
[6] J.-C. LELOUP AND A. GOLDBETER, Modeling the mammalian circadian clock: Sensitivity analysis and multi-
plicity of oscillatory mechanisms, J. Theor. Biol., 230 (2004), pp. 541–562.
[7] J. A. J. METZ AND O. DIEKMANN, The dynamics of physiologically structured populations, vol. 68 of LN in
biomathematics, Springer-Verlag, 1986.
[8] P. MICHEL, S. MISCHLER, AND B. PERTHAME, General relative entropy inequality: an illustration on growth
models, J. Math. Pures Appl., 84 (9) (2005), pp. 1235–1260.
[9] E. NAGOSHI, C. SAINI, C. BAUER, T. LAROCHE, F. NAEF, AND U. SCHIBLER, Circadian gene expression
in individual fibroblasts: cell-autonomous and self-sustained oscillators pass time to daughter cells, Cell, 119
(2004), pp. 693–705.
[10] B. PERTHAME, Transport equations in biology, Frontiers in Mathematics, Birkha¨user, Basel, 2007.
7
